The behavior of gluon distributions in the small-x region are semi-numerically predicted by using the nonlinear Gribov-Levin-Ryskin and Mueller-Qiu (GLR-MQ) evolution equation with the nonlinear shadowing term incorporated. It is interesting to observe that gluon recombination at the twist-4 level lowers the rapid growth of gluon densities with decreasing x compared to the linear DGLAP evolution. The nonlinear gluon density functions are calculated and compared with different parameterizations as well as models. Results show that our predictions for the gluon density function are comparable with different parameterizations. We make a deliberate attempt to explore the effect of nonlinear or shadowing corrections and we observe that nonlinear effects play a vital role in the kinematic region of small-x (x ≤ 10 −3 ) and Q 2 (2 ≤ Q 2 ≤ 20 GeV 2 ).
Introduction
At small-x gluons become the most copious partons in hadrons and can dictate the behavior of hadronic cross sections through their initial distribution. The x and Q 2 dependence of gluons can be predicted employing the tools of perturbative QCD through the standard QCD evolution equations at the twist-2 level such as Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [1] and Balitsky-Fadin-Kuraev-Lipatov (BFKL) [2] equations. Both these equations prognosticate an abrupt rise of the gluon densities towards small-x which is perceived in the deep inelastic scattering (DIS) experiments at HERA [3] as well. The number of quark and gluon distributions increases towards large-Q 2 evolution but they remain dilute with their sizes proportional to the transverse resolution scale 1/Q. But it is expected that the growth of gluon densities saturates at a given time due to Froissart bound [4] . The Froissart bound indicates that the total cross section does not grow faster than the logarithm squared of the energy i.e., σ total = π m 2 π (ln s) 2 , where m π is the scale of the range of the strong force. At very high energies, one can get into the region of smaller and smaller values of x and, under these situations, the gluon recombination being more effectual balances gluons splitting at some point. Literally, at small-x the growth of the gluon distribution is incredibly enunciated and as we move towards small-x at fixed Q 2 the number of gluons of fixed size 1/Q increases and they will necessarily start to overlap spatially. Thus the sharp growth of gluon distribution is eventually subdued because of the correlative interactions between gluons. This process is commonly alluded to as saturation of gluon density and it occurs when chances of two gluons recombining into one is as prodigious as the chances for a gluon splitting into two. The pioneering finding of the geometrical scaling in HERA data [5] as well as the existence of geometrical scaling in the production of comprehensive jets in the LHC data [6] suggest that the phenomenon of saturation occurs in nature. Many phenomenological and theoretical efforts have been made in the latest decades exploring this subject [7] [8] [9] [10] [11] [12] [13] .
The DGLAP evolution equations can delineate the available experimental data in a decent manner considering a large domain of x and Q 2 with appropriate parameterizations. Accordingly, the approximate analytical solutions of the DGLAP evolution equations have been studied in recent years with significant phenomenological success [14] [15] [16] [17] and the present authors have also pursued such an approach with reasonable phenomenological success [18] . However, at small-x, gluon recombination processes leads to nonlinear corrections to the linear DGLAP evolution equations due to multiple gluon interactions. These nonlinear terms tame the abrupt growth of the gluon distribution in the kinematic region where α s continues to be small but the density of gluons becomes very high. The first perturbative QCD (pQCD) calculations reporting the fusion of two gluon ladders into one were carried out by Gribov, Levin and Ryskin (GLR) [19] and by Mueller and Qiu (MQ) [20, 21] . They insinuated that these nonlinear corrections due to gluon recombination could be depicted in a new evolution equation with an additional nonlinear term quadratic in the gluon density. This equation, widely known as the GLR-MQ equation, can be regarded as the updated version of the usual DGLAP equations with the corrections for gluon recombination. The GLR-MQ evolution equation deals with all fan diagrams, that is, all workable 2 → 1 ladder recombinations, in the double leading logarithmic approximation (DLLA). This equation aggregates the contributions of gluon recombination diagrams using the Abramovsky-Gribov-Kancheli (AGK) cutting rule [22] . Later, Mueller investigated the contributions of multi-parton correlations by using the Glauber model and at the twist-4 approximation the Glauber-Mueller equation simplifies to the GLR-MQ equation.
The study of the GLR-MQ equation is exceedingly important for understanding the nonlinear effects of gluon-gluon fusion due to the high gluon density at small enough x as well as for the determination of the saturation momentum. Moreover, other nonlinear evolution equations relevant at high gluon densities such as the Modified-DGLAP (Md-DGLAP) [23] , Balitsky-Kovchegov (BK) [24] and Jalilian-Marian-Iancu-McLerran-Weigert-LeonidovKovner (JIMWLK) [25, 26] equations have been derived and studied in the recent years. Note that the BK and JIMWLK equations are both based on BFKL evolution, whereas, the Md-DGLAP equation is based on DGLAP evolution where the applications of the AGK cutting rule in the GLR-MQ equation was argued in a more general consideration.
In a recent paper [27] we report the approximate solution of the nonlinear GLR-MQ evolution equation as well as the validity of the well-known Regge-like ansatz in the region of moderate virtuality of photon. The Q 2 -evolution of gluon distribution has been obtained as well from the solution of GLR-MQ equation in leading order (LO) with considerable phenomenological success. In the present paper we extend the work to study the small-x behavior of gluon distributions using the nonlinear GLR-MQ evolution equation. Here the GLR-MQ equation is solved to obtain the small-x dependence of gluon distribution at fixed virtuality of photon by incorporating the well-known Regge-like ansatz as earlier. The aim of this work is to check whether at small-x the DGLAP equations can be ruled out in favor of the GLR-MQ equations which would mean evidence for gluon recombination. Our resulting gluon distributions are compared with different parameterizations viz. MRST2001LO [28] , HERAPDF0.1 [29] , CT10 [30] , etc. Our predictions for nonlinear gluon density are further compared with those obtained from the Md-DGLAP evolution equation performed by W. Zhu et al. [23] as well as with the work of Boroun and Zarrin (BZ model) [31] . Moreover we examine the effect of nonlinear or shadowing corrections by comparing the predicted gluon distributions obtained from nonlinear GLR-MQ equation with those predicted by using linear DGLAP equation.
This paper is organized as follows. In Section 2 we present the formalism for the determination of the small-x dependence of gluon distributions from the nonlinear GLR-MQ equation. Section 3 is devoted to the results and discussions of our predicted nonlinear gluon distribution with different parameterizations and models. Finally, in Section 4 we present our conclusions.
Formalism
The number of gluons in a phase space cell ( ln(1/x) ln Q 2 ) increases through gluon splitting and decreases through gluon recombination and as a result the balance equation for emission and recombination of gluons can be written as [19] [20] [21] 
which is known as the GLR-MQ evolution equation. The factor γ is found to be γ = 81 16 for N c = 3, as evaluated by Mueller and Qiu [20] . The first term in the r.h.s. is the usual linear DGLAP term in DLLA and the second term is nonlinear in gluon density. Here, the representation for the gluon distribution G(x, Q 2 ) = xg(x, Q 2 ) is used, where g(x, Q 2 ) is the gluon density. The quark gluon emission diagrams are not given attention here due to their little importance in the gluon-rich small-x region. The negative sign in front of the non-linear term is culpable for the gluon recombination. R is the correlation radius between two interacting gluons and πR 2 is the target area where gluons inhabit. If gluons are distributed through the whole of proton R will be of the order of the proton radius (R 5 GeV −1 ). On the contrary, R is small enough (R 2 GeV −1 ) if the gluons are condensed in a hot spot [32] inside the proton. Since the size parameter R in the denominator and the gluon distribution G in the numerator appear in the second term of Eq. (1) as squared, so they are extremely decisive for the magnitude of the recombination effect.
Determination of gluon distribution function from the linear DGLAP evolution equation
As gluons are the most influencing partons at small-x, therefore, ignoring the quark contribution to the gluon distribution function the first term in the r.h.s. of Eq. (5) can be expressed as [33] 
The behavior of structure functions at small-x can be described effectively in terms of Regge-like behavior [34] . The Regge theory is a highly ingenuous parameterization of all total cross sections and is supposed to be applicable at large-Q 2 values if x is small enough x < 0.07 [35] . Furthermore, as the total CM energy squared is defined as
, so the small-x behavior of structure functions for fixed Q 2 emulates the high energy behavior of total cross section with increasing s 2 [36] . For this reason the Regge pole exchange picture [34] sounds convenient for the theoretical description of this behavior. On that account we employ a simple form of Regge like ansatz, to solve the linear DGLAP equation for gluon distribution function at small-x, given as
where H (Q 2 ) is a function of Q 2 and λ G is the Regge intercept for gluon distribution function. With this ansatz the term G(
In the Donnachie-Landshoff (DL) model it was assumed that the exchange of two pomerons contribute to the amplitude and at small-x the gluon distribution function is dominated by hard pomeron exchange alone [37] . The Regge intercept λ G is therefore taken to be 0.35 in our analysis since it is close to the intercept of the hard pomeron in the DL two pomerons exchange model. In the DL model the hard pomeron has an intercept h = 0.418. Using Eqs. (3) and (4), Eq. (2) can be simplified as
Now we solve the linear DGLAP equation at small-x in LO defined by Eq. (5) for gluon distribution with the Regge ansatz of Eq. (3) and obtain
where A is a constant to be fixed by initial boundary condition. The x dependent function γ 1 (x) is defined as
where
, with β 0 = 11 − 2 3 N f being the one-loop corrections to the QCD β-function. Now defining
at some initial higher value x = x 0 , Eq. (6) can be expressed as
Eq. (9) is the solution of the linear DGLAP equation for gluon distribution at small-x with the ansatz of Eq. (3) and it describes the small-x behavior of linear gluon density for a particular value of Q 2 provided an appropriate input distribution g 0 has been chosen from the initial boundary condition. The DGLAP evolution equation predicts that the gluon distribution function rises steeply as a power of x toward small-x which is observed at HERA too. This is in accordance with the double log approximation (DLA) at small-x and large photon virtualities Q 2 . Any LO solution of DGLAP equation is presumed to be consistent with the DLA result. That being so it is worthwhile to investigate the prospect of compatibility of our solution of DGLAP equation with the DLA one. Even though Regge behavior is not in agreement with DLA in general, but, the range where x is small and Q 2 is large is in fact the Regge regime. That is, when x is small enough (x < 0.07) the Regge theory is assumed to be legitimate, whatsoever the value of Q 2 [35] . Accordingly solution of DGLAP equation in the form of Eq. (9) is expected to be worthwhile. The DLA formula for gluon distribution function is [38] 
with the beta function b =
. Our solution of linear DGLAP equation given by Eq. (9) is compatible with DLA formula of Eq. (10) as long as the following condition is satisfied,
We will present an analysis of the phenomenological aspects of Eq. (11) in Section 3 where we denote the l.h.s. of Eq. (11) as K(x, Q 2 ).
Effects of nonlinear corrections to the behavior of gluon distribution function
To obtain a solution of the nonlinear GLR-MQ evolution equation, we adopt the same procedure and solve Eq. (1) by employing the Regge ansatz for gluon distribution given by Eq. (3), owing to the fact that the tactics for the determination of the gluon distribution function with the nonlinear correction is also based on the Regge-like behavior. Substituting Eqs. (2) and (4) in Eq. (1) and carrying out the integrations in z we get
where γ 1 (x) is defined by Eq. (7) and γ 2 (x) is also a function of x defined as
Eq. (12) is a partial differential equation for the gluon distribution function G(x, Q 2 ) with respect to the variables x and Q 2 . Thus apart from its conventional use in Q 2 -evolution, Eq. (12) can also be used to examine the x-dependence of gluon distribution. Solution of Eq. (12) then leads us to a solution for the nonlinear gluon distribution function as given below
where C is a constant to be determined from initial boundary conditions. The physically plausible boundary condition is
at some high x = x 0 . This boundary condition leads us to
so that Eq. (14) takes the form
Here, t = ln(
Λ 2 ), with Λ being the QCD cut off parameter. Eq. (17) yields the solution of the GLR-MQ equation for gluon distribution at small-x for fixed Q 2 . Accordingly from Eq. (17) we can easily predict the small-x dependence of nonlinear gluon distribution function for a particular value of Q 2 by picking out an appropriate input distribution at an initial value of x = x 0 . The nonlinear or shadowing corrections to the gluon distribution functions can be studied as well at small-x employing Eq. (17) .
We analyze the region of validity of our solution of nonlinear gluon density given by Eq. (14) and we observe that in the region 10 −5 ≤ x ≤ 10 −2 Eq. (14) predicts an increase of gluon distribution with decreasing-x, which is in accordance with the ansatz of Eq. (3). Nevertheless Eq. (14) yields a slower growth of gluon density towards small-x in comparison to the solution of linear DGLAP equation, since the nonlinear effects due to gluon-gluon interactions play a significant role in the small-x (x ≤ 10 −3 ) region. However in the region of very small-x (x < 10 −5 ) but fixed Q 2 , we can neglect the dependence of the functions γ 1 (x) and γ 2 (x) on x. Accordingly the solution suggested in Eq. (14) does not depend on x taking the form (17)) is expected to be a valid solution of the nonlinear GLR-MQ equation in the kinematic region 10 −5 ≤ x ≤ 10 −2 and it can describe the small-x dependence of nonlinear gluon density in a satisfactory manner.
We have performed the analysis in the leading twist approximation and therefore have taken
with N f being the number of quark flavors. Here we use four flavors.
The effect of shadowing corrections to the gluon distribution function can be examined considering Eqs. (9) and (17) which are the solutions of the DGLAP and GLR-MQ equations respectively. To do this we calculate the ratio R of the function G(x, Q 2 ) obtained from the solution of nonlinear GLR-MQ equation to that obtained using the linear DGLAP equation as given below
as a function of variable x for different values of Q 2 . By evaluating this ratio we have observed a taming behavior of gluon distribution in the HERA kinematic region (3 ≤ ln(1/x) ≤ 12) due to shadowing corrections to the linear evolution. Thus employing the expression (19) we can interpret the influence of nonlinear or shadowing corrections as a consequence of gluon recombinations on the behavior of gluon distribution at small-x. It also assists us to understand whether Froissart bound can be restored at small-x. A numerical analysis of Eq. (19) is accomplished in Section 3.
Result and discussion
In this paper, the small-x behavior of gluon distribution G(x, Q 2 ) is predicted by solving the nonlinear GLR-MQ evolution equation semi-numerically in leading twist approximation. We also estimate the nonlinear or shadowing corrections due to gluon recombinations on the behavior of gluon distribution at small-x. The solution suggested in Eq. (17) is directly related to the initial conditions. The input gluon parameterization has been taken from MRST2001LO. Figs. 1(a-d) represents the small-x behavior of the gluon distribution with the effect of gluon recombinations or shadowing corrections to the gluon distribution function determined from Eq. (17) as a function of x for four different values of Q 2 , namely Q 2 = 5, 10, 15 and 20 GeV 2 . We observe that, as x decreases, the strong growth of gluon distributions are tamed by shadowing effects. The solid curves represent the effect of the shadowing correction for R = 2 GeV −1 and R = 5 GeV −1 predicted by using Eq. (17) . As can be observed, the gluon distribution increases as x decreases, which corresponds with the perturbative QCD fits at small-x, but this behavior is tamed with respect to nonlinear terms at the GLR-MQ equation. Our predictions are compared with different parameterizations, viz. MRST2001LO [28] (dash-dot-dot), HERAPDF0.1 (dot) [29] and CT10 (dash-dot) [30] . The MRST2001LO parametrization is a global QCD analyses of data which include the new precise data on DIS from HERA together with constraints from hard scattering data. The HERAPDF0.1 is a meticulous analysis of the combined data sets of H1 and ZEUS which resolves the incompatibilities between the two data sets by the cross calibration. HERAPDF0.1 is of important consequence for the explicit prognostications for standard model processes such as W and Z boson production at LHC. The CT10 QCD fits are the combined set of HERA-1 cross sections on neutral-current and charged-current DIS obtained by superseding 11 independent HERA-1 data sets used in CTEQ6.6 and earlier fits. CT10 parameterizations are based on the latest facts about the PDFs available from global hadronic experiments and it is widely used in the phenomenological analysis of the Tevatron, LHC, and other experiments. It is seen from Figs. 1(a-d) that our predictions for the nonlinear gluon density for each Q 2 are comparable with the gluon density function obtained from HERAPDF0.1 and CT10 parameterizations. Thus we can state that the Regge type solution for nonlinear gluon distribution suggested in Eq. (17) can describe the available data in a satisfactory manner.
We also compare our results with those obtained in similar analysis by using Md-DGLAP equation (dash) [23] and with BZ model (short-dash) [31] . In the analysis of Md-DGLAP equation the parton distributions in the small-x region in the nucleus and free proton, respectively are numerically predicted by W. Zhu et al. with GRV-like input distributions with and without antishadowing corrections. On the other hand, in the BZ model using a Laplace-transform technique, the behavior of the gluon distribution is obtained by solving the GLR-MQ evolution equation with the nonlinear shadowing term incorporated. It is interesting to observe that the shapes of the curves in Figs. 1(a-d) are almost similar to the results of BZ model for the gluon density function. Note that our predictions do not match with the results of Md-DGLAP equation as the Md-DGLAP curves have opposite concavities in the region of x ≥ 10 −3 . But in the small-x region (x < 10 −3 ) the shape of the Md-DGLAP curve is almost similar to our results. The effect of gluon recombination in our predictions is observed to be very high at the hot-spot with R = 2 GeV −1 when the gluons are centered within the proton, compared to at R = 5 GeV estimate the shadowing corrections for the gluon distribution function. We plot the ratio for gluon distribution as a function of the variable x for six different Q 2 = 2, 5, 10, 15, 20 and 30 GeV 2 respectively. We observe that as x grows smaller the GLR-MQ/DGLAP ratios decrease which implies that the effect of nonlinearity increases towards small-x due to gluon recombination. The fall at small-x (x < 10 −2 ) for the ratio is a consequence of the gluon recombinations or shadowing corrections at small-x. Results also clearly indicate that towards smaller values of Q 2 the value of the ratio between nonlinear gluon density and linear gluon density also goes smaller. In other words, gluon recombination plays an important role in the region of small-x and Q 2 whereas, with the evolution to large-Q 2 (Q 2 > 20 GeV 2 ) and large-x (x > 10 −2 ), gluon recombinations play less of a role, and as a consequence the nonlinear effects have a very little impact. (9) is comparable with the DLA result of Eq. (10) in a finite domain of x and Q 2 as long as the constraint given by Eq. (11) is fulfilled. It is obvious from the figure that for each value of Q 2 , there is a corresponding value of x for which the l.h.s. and r.h.s. of Eq. (11) are identical and the value of x, where this happens, switches to lower limit as Q 2 grows. We observe that for the Q 2 values 5 ≤ Q 2 ≤ 500 GeV 2 , considered in our analysis, the condition of compatibility is satisfied in the region of x between 10 −4 and 10 −3 . Accordingly the solution of the linear DGLAP equation in LO is expected to be applicable in the region of 10 −4 ≤ x ≤ 10 −3 and large-Q 2 if it is appealed to be consistent with the DLA one.
For a perceptible evaluation of the goodness of fit of the solution of the nonlinear GLR-MQ equation suggested in Eq. (17) with the experimental data and parameterizations, we have furthermore performed a χ 2 test. In Table 1 we show the values of χ 2 for LO analyses of the nonlinear gluon density performed for different values of Q 2 . Each column represents the χ 2 values corresponding to a fit performed with the choice of input distribution from MRST2001LO. Generally the theoretical calculations are treated as being mathematically consistent with experimental data or parameterizations assuming that χ 2 /d.o.f. is not much larger than one. From Table 1 we observe that the χ 2 /d.o.f. values are compatible with the above discussions for the solution given by Eq. (17). 
Conclusion
In summary, the behavior of gluon distributions in the small-x region are semi-numerically predicted by using the linear DGLAP as well as the nonlinear GLR-MQ equation. We derive the condition of compatibility of the LO solution of linear DGLAP equation for gluon, obtained in Eq. (10) employing the Regge ansatz, with the DLA solution in a finite range of the variables x and Q 2 presenting a numerical study of the same as well. The solution to the linear DGLAP equation is found to be applicable in the region of x between 10 −4 and 10 −3 as well as in the region of large-Q 2 . We have also shown how the inclusion of nonlinear effects changes the behavior of gluon density and it is interesting to observe that although the gluon distribution increases as x decreases, the gluon recombination at twist-4 level tames the rapid growth of gluon densities with decreasing x due to gluon recombination. This suggests that the gluon distributions unitarize leading to the restoration of Froissart bound in the small-x region where density of gluons becomes very high. Furthermore, at R = 5 GeV −1 the gluons are expected to disseminate throughout the entire proton which gives rise to a steep behavior of gluon distribution towards small-x. In contrast this steep behavior is expected to be slowed down at R = 2 GeV −1 when the gluons are centered within the proton. Careful investigation of our results indicates that the nonlinear effects or shadowing corrections, emerged as a result of recombination of two gluon ladders, play a significant role on QCD evolution for gluon distribution in the kinematic region of small-x (10 −5 ≤ x ≤ 10 −2 ) and Q 2 (2 ≤ Q 2 ≤ 20 GeV 2 ). However it is interesting to note that in the region of very small-x (x < 10 −5 ) but fixed Q 2 , solution given by Eq. (17) contradicts the Regge ansatz and accordingly it cannot be considered as a workable solution in this region. On the other hand, in the region of large-x (x > 10 −2 ) and large-Q 2 the gluon recombinations hardly have any impact on QCD evolution and so in this kinematic region the solution given by Eq. (17) is not justifiable. Thus the solution of the GLR-MQ equation suggested in Eq. (17), which describes the shadowing corrections to the gluon distribution is anticipated to be valid only in the saturation domain i.e. in the kinematic region 10 −5 ≤ x ≤ 10 −2 and 2 ≤ Q 2 ≤ 20 GeV 2 . Our phenomenological analysis also supports this as the obtained results of nonlinear gluon density are in accordance with different parameterizations as well as models.
